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Abstract 

The four fermionic currents of the affine superalgebra sZ(2|l;C) at fractional level 
fe = ^ — l,u€N are shown to be realised in terms of a free scalar field, an sl(2;C) 
doublet field and a primary field of the parafermionic algebra Z u _i. 
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Affine Lie algebras and superalgebras at fractional level have received some attention 
in the last years in the context of the study of non critical strings [|I], Our original 

motivation in the analysis of the representation theory of sZ(2|l;C) at fractional level k is 
its potential relevance in the description of iV = 2 (non critical) superstrings. We take the 
matter coupled to supergravity in an N = 2 super Coulomb gas representation with central 
charge 

2p 

Cmattcr = 3(1 - — ), p, U G N, gcd(p,«) = l. (1) 

Then, the level k of the matter affine superalgebra s/(2|l) appearing in the 

SX(2|1; R) / SL{2\ 1; K.) gauged Wess-Zumino-Novikov-Witten model, believed to be intimately 

related to the N = 2 string, is of the form 

fc = - — 1. (2) 

it 

This is precisely the type of fractional levels first discussed in the paper by Kac and Waki- 
moto on admissible representations of affine Lie algebras jp. The detailed study of the 
representation theory of s/(2|l;C) for levels of the form @ with p — 1 (which leads to the 
description of unitary minimal N = 2 matter) has revealed the existence of a finite number 
of irreducible representations whose characters form a finite representation of the modular 
group 0. There are thus rational, although non unitary, theories associated with s/(2|l;C) 
at fractional level. 

One of the very interesting byproducts of the above analysis is the existence of a repre- 
sentation of the s/(2|l; C) currents in terms of Z u _x parafermions, as we shall now describe. 

At level k = 1 - 1, the vacuum representation is in the Ramond sector of the theory and 
is labeled by the two quantum numbers h_ = and h+ = 0, which correspond to the isospin 
and £7(1) charges of the highest weight state || |8j. The associated character is given by, 



E 



i 2ua — 1 

q a2pu z- a ? \ g — , (3) 

(1 + q au z~2(~2)(l + q au z~2(2) 



where q = e 2lnT , z = e 2ln€r , ( = e 2lwl/ and the factor F r (t, a, v) is, 

R fr (i + gkVxi + z-kh 11 - 1 ^ + zk^m + z-H-h*- 1 ) U) 

[T,a,U) J-A {l~q n ) 2 {l- zq n ){l- z~ l q n - 1 ) " 1 1 



n=l 



The crucial ingredient needed for the construction of the new representation of s/(2|l;C) 
currents is provided by the decomposition of the above character in characters of the affine 
sl(2; C) subalgebra at the same fractional level. The general decomposition formulae appear 
in H for the Neveu-Schwarz sector of the theory. Using spectral flow as discussed in ||, and 
the following relation between the s/(2;C) characters of isospin j(n,n r ) = |(n — n'ik + 2)) 
and isospin j(u — n — 1, u — n' — 1), 

sl(2;C) fc / \ _* _* sl(2;C) k , \ / c \ 



1 



one easily obtains the Ramond vacuum decomposition, 



R,IV,sl( 2\l;C) k , \ 
u—X u—2 

STSr-^- 1 ) („\Q „ .1^ I/ ^„ai( 2 iC)* 

1=0 s=0 



/ j / , ^i,-3i-2usK T Wu(u-l)(i+l)+2iu(^-[^2usMu-l)( T , -)Xu-i-ifl( T , °) , 

Ub 



(6) 



where the symbol [|] is the integer part of |. The above formula provides some insight 
into the coset structure sl ~?}}f^ h ■ Indeed, the functions ^iZ}\t) are the su(2) u _i string 
functions introduced in M. When multiplied by the Dedekind function r/(r), they provide 
the partition functions of the parafermionic algebra 1i u -i whose lowest dimensional fields are 
labeled $^ |TT], |TTJ, [T2|]. Furthermore, the theta functions at level u(u — 1), when divided 
by the Dedekind function, are the characters for the rational torus A u i u -i) [|HJ. The coset 
structure is also reflected in the following relations between central charges. The central 
charge of the Virasoro algebra associated to si(2|l;C)fc is, 

_ k sdim g /(2/l) _ 

since there is an equal number of bosonic and fermionic generators in si (2/1). As a conse- 
quence, the central charge of the coset ^w r ? fc ; for A; = ^ — 1, is 



sZ(2;C) fc 

3(u- 1) 



-81(2) 



U+ 1 



(8) 



It can in turn be rewritten as 



2(u-2) 

Ccoset Ctorus Cparaf 1 \ Z • (9) 

U+l 

A close reading of the decomposition formula © provides the information needed to 
construct the new sZ(2|l;C)fe representation. By expanding the vacuum character @ in 
powers of q, one discovers at grade one the eight states belonging to the adjoint representation 
of sl(2/l; C). It is also straightforward to identify on the right hand side of the decomposition 
(^|), the four states at grade one which are neutral with respect to the U(l) algebra, i.e. 
those which are independent of the variable (. They all lie in the term i — u — 1, s = and 
correspond to the first bosonic excitations of the vacuum. The other four states correspond 
to the first fermionic vacuum excitations and lie in the terms i = u — 2, s = [|], s = [|] — 1. 

The string function appearing in these two terms is (t), which is, upon multiplication 
by the Dedekind function, the parafermionic partition function with lowest dimensional field 
identified with the primary field am(z) with conformal dimension [10|, 



u — 2 

^ = 2(u-i)( u + iy (10) 

This field is one of the (u — 2) conformal spin fields or order parameters associated with 



the parafermion algebra based on [10]. It enters in our representation of the fermionic 
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si(2|l;C) currents as follows. Adopting the notations introduced in |6j for the s/(2|l; 



currents, one writes, 



f{z) = A\z){i^^):e^^^:a {1) {z), (11) 

where A + (z) is the field corresponding to the sl(2;C)k doublet highest weight state with 
conformal weight Sublet = j^jy and O.P.E. |Lj], 

A + (z)A~(w) = (z-w) 2 («+d H (z-w) JJ W ) + 0((z - w)^ 1 )), 

1 — u 

i i ?X u — 2 | it 

A ± (z)A ± (w) = (z-w) 2 <«+ 1 )J ± (w) + 0((2-w)^+TT), (12) 

1 — it 

where J ± (^) and J 3 (cu) are the s/(2; C) currents. As usual, the vertex operators have 
conformal weight = anc ^ bey the O.P.E. , 

; e ^V^m ;; e ±*Vl^M ; = ( Z - ! ^ V^W 2 ^™)) ; (13) 

and 

: e ±5V^*W :: e^V^W : = - u>)~^ : e^^W^H) . . ( 14 ) 

Note that 

^doublet + hu(i) + = 1, (15) 

as required for the fermionic s/(2|l;C)fc currents. So, the parafermionic representation of 
s/(2|l; C) we obtained is in terms of the sZ(2; C) currents, the U(l) current 



U{z)=ij^d<Kz), (16) 

where <p(z) is a free scalar field with the standard O.P.E. 

<fi(z)<f)(w) ~ — hx\z — w\, (17) 

and the four fermionic currents (]TT|). Note that the parafermions enter in this representation 
in a rather different way than in representations of sl(2; C) at integer level k (see e.g. |15|), 
where the parafermionic algebra is 

We now illustrate the case where u = 3, when the parafermions are the usual fermions. 
The spin field of interest is then a(z) of weight 1/16, and appears in the description of the 
Ising model. The relevant O.P.E. are, 

a(z)a(w) = {z- wY 1/s + ]-{z - w) 3/8 tp(w) + ... 

A + (z)A-(w) = (z- w)- 9/8 - ~(z - w)~ 1/8 J 3 (w) + a(z - w) 3/8 A 3 (w) + ... 
A ± (z)A ± (w) = ~(z - w)~ 1/8 j\w) + a\z - w) 3/8 A ± (w) + (18) 



where ip(w) is a fermion and A (w), A 3 (w) form an si (2; C) triplet of weight |. These fields, 
whose occurrence in the theory can be traced back to the vacuum character formula (Q), 
have to be taken into account in parafermionic representations of normal ordered products 
of currents, but are not relevant to the discussion of commutation relations of those currents. 
The exact value of the two parameters a and a' in the above O.P.E. is therefore not required 
for our purpose. Now, the short distance behaviour of sZ(2|l;C)fc currents is given by, 

] + (z)j~(w) ~ [U(w) + J 3 (w)](z - w)~ l + k(z - w)~ 2 , 
j + '(z)r'(w) ~ [U(w) - J 3 (w)}(z - w)- 1 - k(z - w)-\ 
^'^^{w) ~ J ± (w)(z - w)~ l , 

U{z)U{w) ~ - k -{z - wY\ J\z)J\w) ~ k -{z - w)-\ 

2J 3 (z)j ± (w) ~ ±j ± (w)(z - w)~\ 2J 3 (z)j ± '(w) ~ ±j ± '(w)(z - w)-\ 
2U(z)j ± (w) ~ T^H^-w)- 1 , 2U(z)j ± '(w) ~ ±7*' («;)(*- w)- 1 , 
J^z^H ~ ^'(wXz - w)~\ J ± {z)j T \w) ~ ±j ± H(z - 
J + (z) J- (to) ~ 2J 3 (w)(z - w)- 1 + k(z - w)' 2 . (19) 

Using (|T3"|) and fll4|) together with the O.P.E. fll8|) truncated to the terms with negative 
powers of (z — w), one checks that the fermionic currents as given in (|ll|) and the bosonic 
current (|T6| ) provide, with the sl(2; C) currents J^{z) and J 3 (z), a representation of sZ(2|l; C) 
at level k = —2/3. 

A similar representation in the case u = 4 involves the spin field of the 3-states Potts 
model, with conformal weight 1/15. This is hardly surprising, since the Z 2 and Z 3 
parafermionic theories coincide with the Ising and 3-states Potts models respectively. At 
the level of characters, one actually has, 

xlTV) = v(t)c%(t), xZ ri3 \r) = V(r)c$(r), X ^ 3 \r) = v(t)c$(t), (20) 

and 

Xlt (5 \r) + X Z r{5 \r) = v(t)c$(t), X V ^\t) = V (r)cf}(r) (21) 

xff (5 V) + Xl: {b \r) = v(M%r), xl^\r) = v(r)cf}(r). (22) 

The deep role of this representation in the description of noncritical N = 2 strings 
with minimal, unitary matter is yet to be uncovered. However, it is worth noticing that 
there is a direct relation between the parafermionic algebra involved in the representation 
of the s/(2|l; C)& currents at level k = - — 1, and the parafermionic algebra involved in the 
realisation of the N = 2 super conformal algebra when the central charge is (0) with p = 1. 
The former is Z u _i while the latter is Z M _2- 
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